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Abstract: We present the calculation of the impact factor for the γ(∗) → qq¯g transition
within Balitsky’s high energy operator expansion. We also rederive the impact factor for
the γ(∗) → qq¯ transition within the same framework. These results provide the necessary
building blocks for further phenomenological studies of inclusive diffractive deep inelas-
tic scattering as well as for two and three jets diffractive production which go beyond
approximations discussed in the litterature.
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1. Introduction
Diffraction is one of the key tools to understand the dynamics of strong interaction, and
it has been studied since the sixties. In particular, the research program performed at
HERA has shown that semi-hard diffractive processes, in which a hard scale allows one
to deal with QCD in its perturbative regime, could provide a quantitative lever-arm to
understand the internal dynamics of the nucleon in a regime of very high gluon densities1.
Among the whole set of γ∗p → X deep inelastic scattering (DIS) events, almost 10 %
reveal a rapidity gap between the proton remnants and the hadrons coming from the
fragmentation region of the initial virtual photon, so that the process looks rather like
γ∗p → X Y [3–10], where Y is the outgoing proton or one of its low-mass excited states.
This subset of events is called diffractive deep inelastic scattering (DDIS). DDIS can be
studied at the inclusive level, or further analyzed by considering diffractive jet production
as well as exclusive meson production. One of the main cornerstones of diffraction is
the concept of Pomeron, which carries the quantum numbers of vacuum and which is
exchanged at high energy between X and Y . Diffraction can be described according to
several approaches, important for phenomenological applications. In the perturbative QCD
approach, justified by the existence of a hard scale (like the photon virtuality Q2), one can
rely on a QCD factorization theorem [11]. This is the essence of the first approach, which
involves a resolved Pomeron contribution: the diffractive structure function is expressed
as the convolution of a coefficient function with a diffractive parton distribution, which is
analogous to the usual parton distribution function (PDF), but with the proton replaced
by a Pomeron.
Besides, at high energies, it is natural to model the diffractive events by a direct
Pomeron contribution involving the coupling of a Pomeron with the diffractive state. The
diffractive states can be modelled in perturbation theory by a qq¯ pair (for moderate M2,
where M is the invariant mass of the diffractively produced state X) or a qq¯g state for
larger values of M2. Based on such a model, with a two-gluon exchange picture for the
Pomeron, a good description of HERA data for diffraction could be achieved [12]. One
of the important features of this approach is that the qq¯ component with a longitudinally
polarized photon plays a crucial role in the region of small diffractive mass M , although
it is a twist-4 contribution. A further analysis was then performed, combining both the
resolved and the direct components [13, 14], including a qq¯ exchange on top of the gluon
pair to model the Pomeron.
In the direct components considered there, the qq¯g diffractive state has been studied
in two particular limits. The first one, valid for very large Q2, corresponds to a collinear
approximation in which the transverse momentum of the gluon is assumed to be much
smaller than the transverse momentum of the emitter [15,16]. This approximation allows
one to extract the leading logarithm in Q2, based on the strong ordering of transverse
momenta typical of DGLAP evolution [17–20]. The second one [21,22], valid for very large
1For reviews, see refs. [1, 2]
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M2, is based on the assumption of a strong ordering of longitudinal momenta, encountered
in BFKL equation [23–26].
The main aim of the present article is to compute the γ∗ → qq¯g impact factor and
to rederive the γ∗ → qq¯ impact factor, both at tree level, with an arbitrary number of
t−channel gluons, here described within the Wilson line formalism, also called QCD shock-
wave approach [27–30]. In particular, the γ∗ → qq¯g transition is computed without any
soft or collinear approximation for the emitted gluon, in contrast with the above mentioned
calculations. These results provide necessary generalization of buiding blocks for inclusive
DDIS as well as for two- and three-jet diffractive production. Since the results we derived
can account for an arbitrary number of t−channel gluons, this could allow to include higher
twist effects which are suspected to be rather important in DDIS for Q2 . 5 GeV2 [31].
The QCD shock-wave approach on which we rely is an operator language based on the
concept of factorization of the scattering amplitude in rapidity space and on the extension
to high-energy (Regge limit) of the Operator Product Expansion (OPE) technique, which
was only known at moderate energy (Bjorken limit) before, as an expansion in terms of
local operators or in terms of light-ray operators [32]. In DIS off a hadron at high-energy,
the matrix elements made of Wilson line operators appearing in the OPE describe the non
perturbative part of the process, and their evolution in rapidity is related to the evolution
of the structure function of the target. The evolution equation can be obtained relying
on background field techniques. The Wilson-line operators in the high-energy OPE evolve
with respect to rapidity according to the Balitsky equation, which reduces to the Balitsky-
Kovchegov (BK) equation [27–30,33,34] in the large Nc limit. According to the best of our
knowledge, this shock-wave approach was only used for evolution equations and for impact
factors at inclusive level, namely only for the γ∗ → γ∗ impact factor at next-to-leading
order [35,36]. Its application shows that this method is very powerful [37] when compared
with usual methods based on summation of contributions of individual Feynman diagrams
computed in momentum space.
When describing a diffractive process, the above mentioned approach is natural in order
to implement saturation effects at high energies, since it is formulated in the coordinate
space. Indeed, in the dipole picture [38,39], when probing a nucleon with a virtual photon in
the rest frame of the nucleon, due to the long life-time of the virtual qq¯ pair produced by the
γ∗ probe with respect to its scattering time, this pair is almost frozen during its interaction.
The inclusive cross-section (for DIS) as well as the scattering amplitude (for DDIS) thus
naturally factorizes in the coordinate space in terms of an impact factor involving a dipole
of given transverse size r convoluted with an effective dipole-nucleon cross-section σ(x, r),
a function of Bjorken x and r. The same picture was extended to the qq¯g intermediate
state, at least in the collinear approximation in which case this intermediate state can
be considered as a gluon-gluon dipole [15, 16], the qq¯ being an effective gluon due to its
localization in the transverse coordinate space (since the relative transverse momentum of
this pair is large with respect to the transverse momentum of the emitted gluon). A step
further in this spirit was done in the case of vector meson electroproduction at twist 3,
including the genuine twist 3 contribution which involves a qq¯g intermediate state [40,41],
for which a dipole picture was also obtained [42], based on QCD equations of motion.
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This dipole picture provides the natural framework for the formulation of saturation.
Indeed, the transverse size r of the dipole is the natural parameter in order to implement
both color transparency (for small r) and saturation (for large r). The analysis of low-x sat-
uration dynamics of the nucleon target was first introduced in refs. [43,44] by Golec-Biernat
and Wu¨sthoff (GBW) to describe the inclusive and diffractive structure functions of DIS.
This is an additionnal reason to rely on the shock-wave analysis, which naturaly provides a
tool to evaluate the γ∗ → qq¯ and γ∗ → qq¯g impact factors in transverse coordinate space.
The paper is organized as follows. The section 2 contains the definitions and necessary
intermediate results. Section 3 briefly reproduces the leading order (LO) γ∗ → qq¯ impact
factor. In section 4 we give the general expression for the γ → qq¯g impact factor, which
is then calculated in sections 5 and 6. Section 7 discusses the linearized impact factor for
interaction with the color dipole. Section 8 is devoted to the impact factor in the momen-
tum space. Section 9 summarizes obtained results. Two appendices comprise necessary
technical details.
2. Definitions and necessary intermediate results
Throughout this paper, we use the following notations. We introduce the light cone vectors
n1 and n2
n1 = (1, 0, 0, 1) , n2 =
1
2
(1, 0, 0,−1) , n+1 = n−2 = n1 · n2 = 1 , (2.1)
and for any vector p we have
p+ = p− = p · n2 = 1
2
(
p0 + p3
)
, p+ = p
− = p · n1 = p0 − p3, (2.2)
p = p+n1 + p
−n2 + p⊥, p
2 = 2p+p− − ~p 2, (2.3)
p · k = pµkµ = p+k− + p−k+ − ~p · ~k = p+k− + p−k+ − ~p · ~k. (2.4)
The derivatives and the metric tensor have the form
∂± = ∂
∓ =
∂
∂z±
=
∂
∂z∓
, ∂i = −∂i = ∂
∂zi
= − ∂
∂zi
, (2.5)
gµν = gµν =


0 1 0 0
1 0 0 0
0 0 −1 0
0 0 0 −1

 , the indices are +,− , 1 , 2; (2.6)
ǫ+βγ− = −ǫ0βγ3 = −eβγ3. (2.7)
We denote the initial photon momentum as k, and the outgoing quark, antiquark, and
gluon momenta as pq, pq¯, and pg. The corresponding longitudinal momentum fractions are
p+q
k+
= xq ,
p+q¯
k+
= xq¯ ,
p+g
k+
= xg . (2.8)
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For simplicity, we work with a photon in the forward kinematics
~k = 0, kµ = k+nµ1 +
k2
2k+
n
µ
2 , −k2 = Q2 > 0. (2.9)
Its longitudinal and transverse polarization vectors read
εαL =
1√−k2
(
k+nα1 −
k2
2k+
nα2
)
, ε+L =
k+
Q
, ε−L =
Q
2k+
, (2.10)
εαT = ε
α
T⊥ =
1√
2
(0, 1, i s, 0), s = ±1. (2.11)
Here s is the helicity of the photon. For the outgoing gluon we work in the light cone gauge
A · n2 = 0. Therefore
ε∗gν =
(~ε ∗g · ~pg)
p+g
n2ν + ε
∗
g⊥ν =
(
g⊥να −
pg⊥αn2ν
p+g
)
ε∗αg , (2.12)
and we can use the same transverse polarization vectors as for the photon
ε∗αg⊥ =
1√
2
(0, 1,−i sg , 0), sg = ±1. (2.13)
It is convenient to introduce the following vectors
~Pq¯ =
~pg
xg
− ~pq¯
xq¯
, ~Pq =
~pg
xg
− ~pq
xq
. (2.14)
Then
(~Pq¯ · ~ε ∗g ) =
pq¯ · ε∗g
xq¯
, (~Pq · ~ε ∗g ) =
pq · ε∗g
xq
. (2.15)
To simplify the vector products with the polarization vectors we will use the following
identities
[~a× ~εT ] = i s(~a · ~εT ), [~a× ~ε ∗g ] = −i sg(~a · ~ε ∗g ) , (2.16)
where [~a ×~b] ≡ eγβ3aγbβ . The fermion propagator in the shock wave background can be
read from ref. [27] and is given by
G(z1, z2) = θ(z
+
1 z
+
2 )G0 (z12)−
∫
d4z3δ(z
+
3 )G0 (z13) γ
+G0 (z32)
×
(
θ(z+1 )θ(−z+2 )U~z3 + θ(−z+1 )θ(z+2 )U †~z3
)
. (2.17)
Here zij = zi − zj . The free quark propagator reads
G0(x) =
2i
(2π)2
zˆ
(z2 − i0)2 , G0 (p) =
ipˆ
p2 + i0
, (2.18)
and the Wilson lines
Ui = U~zi = U (~zi, η) = P exp
[
ig
∫ +∞
−∞
b−η (z
+
i , ~zi) dz
+
i
]
(2.19)
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are integrated along the path z− = 0. The operator b−η is the external shock-wave field
built from only slow gluons which momenta are limited by the longitudinal cut-off defined
by the rapidity η
b−η =
∫
d4p
(2π)4
e−ip·zb− (p) θ(eη − |p+|). (2.20)
We use the light cone gauge
A · n2 = 0, (2.21)
with A being the sum of the external field b and the quantum field A
A =A+ b, bµ (z) = b−(z+, ~z )nµ2 = δ(z+)B (~z )nµ2 . (2.22)
Using the LSZ reduction formulas for the propagators from ref. [27] or summing the dia-
grams in this external shockwave field as in ref. [27] one can get the external fermion lines
in the shockwave background
u¯(p, y)|0>y+ =
∫
d4z δ(z+)eip·z
u¯p√
2p+
γ+U~z G0 (z − y) , (2.23)
v(p, y)|0>y+ = −
∫
d4z δ(z+)eip·zG0 (y − z)U †~z γ+
vp√
2p+
. (2.24)
In the same way one can get the gluon external line in the shockwave background
ǫ∗ν(p, y)|0>y+ = −4p+ε∗αθ(p+)
∫
d4z δ (z+)
(2π)2
eip·z√
2p+
U~z
1
∂
∂y−
g⊥αν(−y+)− (z − y)⊥αn2ν
((z − y)2 − i0)2 ,
(2.25)
where we have introduced the notation
1
∂
∂y
f (y) =
∫
dp
2π
∫
du
e−ip(y−u)
−ip f (u) , (2.26)
In eqs. (2.23, 2.24), the Wilson line is in the adjoint representation. If U → 1, then
u¯(p, y)|0>y+ → θ(p+)
u¯p√
2p+
eip·y, v(p, y)|0>y+ → θ(p+)
vp√
2p+
eip·y, (2.27)
ǫ∗ν(p, y)|0>y+ →
θ(p+)ε∗αp√
2p+
(
g⊥αν − p⊥αn2ν
p+
)
eip·y = θ(p+)
ε∗pν√
2p+
eip·y, (2.28)
and we recover the results without the shockwave.
Below, we will need the following integral2 derived in ref. [36]∫
d4z
xˆ− zˆ
(x− z)4
[
γµ
zν
z4
− γν z
µ
z4
]
zˆ − yˆ
(z − y)4 =
−iπ2
x2y2(x− y)2
(
xˆγν yˆxµ − xˆγµyˆxν
x2
+
xˆγν yˆyµ − xˆγµyˆyν
y2
+
(γνγµ − γµγν)yˆ
2
+
xˆ (γµγν − γνγµ)
2
+ 2
yµxν − yνxµ
(x− y)2 [yˆ − xˆ]
)
, (2.29)
2The factor −i in eq. (2.29) corrects a misprint from ref. [36].
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and the following representation of the McDonald functions
−2K0
(
2
√
ab
)
=
∫ 0
−∞
dz
z
ei(a−i0)z−i
b+i0
z , K1(r) = −K ′0(r) , (2.30)
together with the fact that they obey the Bessel equation
∆K0(r) =
(
∂2
∂r2
+
1
r
∂
∂r
)
K0(r) = K0(r) + 2πδ (~r) . (2.31)
We will also need the following Dirac structures
u¯pqγ
+ vpq¯ = λqu¯pqγ
+ γ5 vpq¯ = δλq ,−λq¯
√
2p+q 2p
+
q¯ , λq = ±1, (2.32)
u¯pqγ
jvpq¯ = λqupqγ
jγ5vpq¯ = δλq ,−λq¯
√
2p+q¯ 2p
+
q
(
p
j
q
2p+q
+
p
j
q¯
2p+q¯
+ iεtj3λq
(
ptq
2p+q
− p
t
q¯
2p+q¯
))
,
(2.33)
where λq is the quark helicity.
3. LO impact factor for γ → qq¯ transition
z0
z1
z2
k pq
pq¯
Figure 1: LO γ → qq¯ impact factor
In this section we will briefly reproduce the known expression for the LO γ∗ → qq¯
impact factor, see fig. 1, for completeness of this paper. The LO matrix element for the
electromagnetic current in the shockwave background reads
M˜α0 = δ
n
l
〈0|blpq¯ (apq )nψ (z0) γαψ (z0) ei
∫
Li(z)dz|0〉
〈0|ei
∫
L(z)dz|0〉 =
∫
d~z1d~z2F (pq, pq¯, z0, ~z1, ~z2)
α tr(U1U
†
2 ).
(3.1)
6
Here a and b are the quark and antiquark annihilation operators carrying colour indices n
and l,
F (pq, pq¯, z0, ~z1, ~z2)
α =
∫
dz−1 dz
+
1 δ(z
+
1 )
∫
dz−2 dz
+
2 δ(z
+
2 )
eipq ·z1+ipq¯ ·z2√
2p+q 2p+q¯
×u¯pqγ+G0 (z10) γαG0 (z02) γ+ vpq¯ =
θ(p+q )θ(p
+
q¯ )e
−i~pq ·~z1−i~pq¯ ·~z2
4(2π)4(z+0 )
2
√
2p+q 2p+q¯
×u¯pqγ+
(
ip+q γ
− − γβ⊥
∂
∂z
β
1⊥
)
γα
(
ip+q¯ γ
− − γγ⊥
∂
∂z
γ
2⊥
)
γ+ vpq¯
exp
[
ip+q
(
z−0 +
−z 210⊥ + i0
−2z+0
)]
exp
[
ip+
q¯
(
z−0 +
−z 220⊥ + i0
−2z+0
)]
. (3.2)
We now introduce Mα0 , built from M˜
α
0 by substracting the non-interacting term, i.e.
Mα0 =
∫
d~z1d~z2F (pq, pq¯, z0, ~z1, ~z2)
α (tr(U1U
†
2)−Nc) . (3.3)
The Fourier transform of F w.r.t. z0 is defined as
F (pq, pq¯, k, ~z1, ~z2)
α =
∫
d4z0 e
−ik·z0F (pq, pq¯, z0, ~z1, ~z2)
α . (3.4)
In the kinematics (2.9) we chose for the photon, we have
F (pq, pq¯, k, ~z1, ~z2)
α = θ(p+q )θ(p
+
q¯ )
iδ
(
k+ − p+q − p+q¯
)
2k+(2π)2
√
2p+q 2p+q¯
e−i~pq ·~z1−i~pq¯ ·~z2
×u¯pqγ+
(
ip+q γ
− − γβ⊥
∂
∂z
β
1⊥
)
γα
(
ip+q¯ γ
− − γγ⊥
∂
∂z
γ
2⊥
)
γ+ vpq¯K0
(
Q
√
xqxq¯~z
2
12
)
.(3.5)
Calculating the derivatives with α = − we will encounter
g
γβ
⊥
∂
∂z
γ
2⊥
∂
∂z
β
1⊥
K0
(
Q
√
xqxq¯~z
2
12
)
= ∆~z12K0
(
Q
√
xqxq¯~z
2
12
)
= Q2xqxq¯K0
(
Q
√
xqxq¯~z
2
12
)
+ 2πδ(~z12), (3.6)
where we used (2.31) to derive this expression. However, the term with the δ distribution
will give no contribution to (3.3), therefore we can drop it. That being done, we get
F (pq, pq¯, k, ~z1, ~z2)
α εLα = θ(p
+
q ) θ(p
+
q¯ )
δ
(
k+ − p+q − p+q¯
)
(2π)2
e−i~pq·~z1−i~pq¯ ·~z2
×(−2i)δλq ,−λq¯ xqxq¯QK0
(
Q
√
xqxq¯~z
2
12
)
(3.7)
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and
F (pq, pq¯, k, ~z1, ~z2)
j εTj = θ(p
+
q ) θ(p
+
q¯ )
δ
(
k+ − p+q − p+q¯
)
(2π)2
e−i~pq ·~z1−i~pq¯ ·~z2
×δλq ,−λq¯ (xq − xq¯ + sλq)
~z12 · ~εT
~z 212
Q
√
xqxq¯~z
2
12K1
(
Q
√
xqxq¯~z
2
12
)
. (3.8)
Using the identity
F+ = F−
2(k+)2
Q2
, (3.9)
one can easily check that the electromagnetic gauge invariance
F (pq, pq¯, k, ~z1, ~z2)
α kα = 0 (3.10)
is satisfied. The results (3.7) and (3.8) are consistent with the well known result for the
γ → qq¯ wave-function which was derived for example in ref. [45].
4. General expression for γ → qq¯g impact factor
pq
pq¯
z0
pg
z4
z3
z1
z2
k
z0
z4
z1
z2
k
z0
z4
z1
z2
k
z0
z4
z3
z1
z2
k
1 2
3 4
Figure 2: Impact factor for 3 jet production. The grey ellipse stands for the shockwave at z+ = 0.
The lines crossing the ellipse are calculated in the shock wave background (2.17), (2.23–2.25).
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We will extract the impact factor from the following matrix element
M˜α = (tb)nl
〈0|cbpgblpq¯(apq )nψ (z0) γαψ (z0) ei
∫
Li(z)dz|0〉
〈0|ei
∫
L(z)dz|0〉
=
∫
d~z1d~z2d~z3 F1 (pq, pq¯, pg, z0, ~z1, ~z2, ~z3)
α tr(U1t
aU
†
2t
b)U ba3
+
∫
d~z1d~z2 F˜2 (pq, pq¯, pg, z0, ~z1, ~z2)
α N
2
c − 1
2Nc
tr(U1U
†
2) . (4.1)
Here (tb)kl is the projector to the color singlet state, and c, a, and b are the gluon, quark and
antiquark annihilation operators; F1 describes the contribution of the first two diagrams
and F˜2 stands for diagrams 3 and 4. The space coordinates z0,1,2,3,4 and the momenta pq,q¯,g
are defined in fig. 2.
In this form M˜ contains contributions from terms without interaction in which all
operators U are reduced to identity. To get the impact factor we have to subtract those
terms. This amounts in replacing M˜ by M , which reads
Mα =
∫
d~z1d~z2d~z3 F1 (pq, pq¯, pg, z0, ~z1, ~z2, ~z3)
α
[
tr(U1t
aU
†
2t
b)U ba3 −
N2c − 1
2
]
+
∫
d~z1d~z2 F˜2 (pq, pq¯, pg, z0, ~z1, ~z2)
α N
2
c − 1
2Nc
(
tr(U1U
†
2 )−Nc
)
(4.2)
=
∫
d~z1d~z2d~z3 F1 (pq, pq¯, pg, z0, ~z1, ~z2, ~z3)
α 1
2
(
tr(U1U
†
3 ) tr(U3U
†
2)−Nc tr(U1U †2)
)
+
∫
d~z1d~z2 F2 (pq, pq¯, pg, z0, ~z1, ~z2)
α N
2
c − 1
2Nc
(
tr(U1U
†
2 )−Nc
)
. (4.3)
Here
F2 (pq, pq¯, pg, z0, ~z1, ~z2)
α= F˜2 (pq, pq¯, pg, z0, ~z1, ~z2)
α+
∫
d~z3 F1 (pq, pq¯, pg, z0, ~z1, ~z2, ~z3)
α,(4.4)
and
tr(U1t
aU
†
2 t
b)U ba3 =
1
2
(
tr(U1U
†
3) tr(U3U
†
2)−Nc tr(U1U †2 )
)
+
N2c − 1
2Nc
tr(U1U
†
2 ) . (4.5)
The functions F1 and F˜2 are the two above mentioned components of the impact factor,
which we will calculate in the next two sections.
5. Diagrams with the gluon crossing the shockwave
Using eqs. (2.23–2.25), the sum of the first two diagrams in fig. 2 can be represented in the
following way
F1 (zq, zq¯, pg, z0, ~z1, ~z2, ~z3)
α =
ig
(2π)2
∫
dz+1 dz
−
1 dz
+
2 dz
−
2 dz
+
3 dz
−
3 δ(z
+
1 )δ(z
+
2 )δ(z
+
3 )L
jα
iβR
iβ
j ,
(5.1)
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where
L
jα
iβ =
∫
dz4
1
∂
∂z−3
g⊥βνz
+
34 − z34⊥βn2ν
(z342 − i0)2
× [γ+ (G0(z10)γαG0(z04)γνG0(z42) +G0(z14)γνG0(z40)γαG0(z02)) γ+]ji , (5.2)
and
R
iβ
j = p
+
g θ(p
+
g )
ε
∗β
g e
ipg·z3+ipq·z1+ipq¯ ·z2√
2p+g 2p
+
q 2p+q¯
[
γ−γ+vpq¯ ⊗ u¯pqγ+γ−
]i
j
. (5.3)
Using the integral (2.29) and the fact that z+1,2,3 = 0 one can write
L
jα
iβ =
2z+30
(2π)4
1
∂
∂z−3
[
γ+
(
zˆ10γ
αzˆ30γ⊥β zˆ32
z430z
2
32z20
2z410
+
zˆ31γ⊥β zˆ30γ
αzˆ02
z231z
4
30z01
2z402
+
2
z230
zˆ10γ
αzˆ02
z204z
4
10
(
z31⊥β
z231
− z32⊥β
z232
))
γ+
]j
i
. (5.4)
Integrating w.r.t. z−3 with the help of eq. (2.26) we have
L
jα
iβ =
−1
(2π)4
∫ +∞
σ
dp+
p+
e
−ip+
(
z−30−
~z 230+i0
2z+
30
) [
γ+
(
ip+zˆ10γ
α(γ−z+30 + zˆ30⊥)γ⊥β zˆ32
(2z+30)z
2
32z20
2z410
+
ip+zˆ31γ⊥β(γ
−z+30 + zˆ30⊥)γ
αzˆ02
z231(2z
+
30)z01
2z402
+ 2
zˆ10γ
αzˆ02
z204z
4
10
(
z31⊥β
z231
− z32⊥β
z232
))
γ+
]j
i
, (5.5)
where σ = eη is the longitudinal cutoff (2.20). As a result,
F1 (pq, pq¯, pg, z0, ~z1, ~z2, ~z3)
α = θ(p+g − σ)
ig
(2π)3
ε∗βg
e
iz−0 (p
+
q +p
+
q¯
+p+g )−i~pq·~z1−i~pq¯ ·~z2−i~pg·~z3
(2z+0 )
2
√
2p+q 2p+q¯ 2p
+
g
× u¯pqγ+
[
zω32⊥
−~z 232
(
ip+q γ
− − γσ⊥
∂
∂zσ1⊥
)
γα
(
ip+g γ
− − γρ⊥
∂
∂z
ρ
3⊥
)
γ⊥βγ⊥ω
+
zˆ31⊥
~z 231
γ⊥β
(
ip+g γ
− − γρ⊥
∂
∂z
ρ
3⊥
)
γα
(
ip+
q¯
γ− − γσ⊥
∂
∂zσ2⊥
)
+ 2
(
z31⊥β
~z 231
− z32⊥β
~z 232
)(
ip+q γ
− − γρ⊥
∂
∂z
ρ
1⊥
)
γα
(
ip+
q¯
γ− − γσ⊥
∂
∂zσ2⊥
)]
γ+vpq¯
× e
−i
p
+
g ~z
2
30+p
+
q ~z
2
10+p
+
q¯
~z 220+i0
2z+
0 . (5.6)
Via eq. (2.30) we will calculate the Fourier transform of F1
F1 (pq, pq¯, pg, k, ~z1, ~z2, ~z3)
α =
∫
d4z0 e
−ik·z0F1 (pq, pq¯, pg, z0, ~z1, ~z2, ~z3)
α (5.7)
for the photon in our kinematics (2.9). Using our notation (2.8) and denoting
Z123 =
√
xgxq~z
2
13 + xqxq¯~z
2
21 + xq¯xg~z
2
32 , (5.8)
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we get
F1 (pq, pq¯, pg, k, ~z1, ~z2, ~z3)
α = −g θ(p
+
g − σ)
4πk+
δ(k+ − p+g − p+q − p+q¯ ) ε∗gβ
e−i~pq·~z1−i~pq¯ ·~z2−i~pg·~z3√
2p+q 2p+q¯ 2p
+
g
× u¯pqγ+
[
zω32⊥
−~z 232
(
ip+q γ
− − γσ⊥
∂
∂zσ1⊥
)
γα
(
ip+g γ
− − γρ⊥
∂
∂z
ρ
3⊥
)
γ
β
⊥γ⊥ω
+
zˆ31⊥
~z 231
γ
β
⊥
(
ip+g γ
− − γρ⊥
∂
∂z
ρ
3⊥
)
γα
(
ip+
q¯
γ− − γσ⊥
∂
∂zσ2⊥
)
+ 2
(
z
β
31⊥
~z 231
− z
β
32⊥
~z 232
)(
ip+q γ
− − γρ⊥
∂
∂z
ρ
1⊥
)
γα
(
ip+
q¯
γ− − γσ⊥
∂
∂zσ2⊥
)]
γ+vpq¯K0(QZ123).(5.9)
As before for the γ → qq¯ impact factor, we encounter contributions involving δ distributions
for α = −. Indeed, e.g.
∂2K0(QZ123)
∂zσ1⊥∂z
ρ
3⊥
= Q2
(QZ123K
′
0(QZ123))
′
QZ123
∂Z123
∂zσ1⊥
∂Z123
∂z
ρ
3⊥
+QZ123K
′
0(QZ123)
∂2 lnZ123
∂zσ1⊥∂z
ρ
3⊥
, (5.10)
and from eq. (2.31) we obtain
(QZ123K
′
0(QZ123))
′
QZ123
= K0(QZ123) + 4πδ
(
Q2Z2123
)
δ (φ) . (5.11)
Again the term with the delta function gives a vanishing contribution to M introduced in
eq. (4.2) and we drop it. Then, using eq. (2.31) and the matrix elements (2.32), we get
F+1 = F
−
1
2(k+)2
Q2
. (5.12)
On one hand this implies the electromagnetic gauge invariance
F1 (pq, pq¯, pg, k, ~z1, ~z2, ~z3)
α kα = 0, (5.13)
and on the second hand it gives the contribution to the impact factor for longitudinal
photon (2.10)
F1 (pq, pq¯, pg, k, ~z1, ~z2, ~z3)
α εLα (5.14)
= −δ(k+ − p+g − p+q − p+q¯ )θ(p+g − σ)Qg
e−i~pq ·~z1−i~pq¯ ·~z2−i~pg·~z3
π
√
2p+g
K0(QZ123)
× δλq ,−λq¯ε∗βg
(
iλqǫ
γβ3xg
{
xq¯
z
γ
31
~z 231
+ xq
z
γ
32
~z 232
}
+
{
(2xq + xg)xq¯
z
β
31
~z 231
− (2xq¯ + xg)xq
z
β
32
~z 232
})
.
Expressing the vector products eγβ3aγbβ = [~a × ~b] through the scalar products using
eq. (2.16) we have
F1 (pq, pq¯, pg, k, ~z1, ~z2, ~z3)
α εLα
= δ(k+ − p+g − p+q − p+q¯ )θ(p+g − σ)2Qg
e−i~pq ·~z1−i~pq¯ ·~z2−i~pg·~z3
π
√
2p+g
K0(QZ123)
× δλq ,−λq¯
{
(xq¯ + xgδ−sgλq)xq
~z32 · ~ε ∗g
~z 232
− (xq + xgδ−sgλq¯ )xq¯
~z31 · ~ε ∗g
~z 231
}
. (5.15)
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For transverse photon (2.11) we get the following contribution to the impact factor
F1 (pq, pq¯, pg, k, ~z1, ~z2, ~z3)
α εTα = 2igQδ(k
+ − p+g − p+q − p+q¯ )θ(p+g − σ)
e−i~pq ·~z1−i~pq¯ ·~z2−i~pg·~z3
πZ123
√
2p+g
× δλq ,−λq¯K1(QZ123)
{
−
(
~z23 · ~ε ∗g
)
(~z13 · ~εT )
~z232
xq
(
xq − δsλq¯
) (
xq¯ + xgδ−sgλq
)
−
(
~z23 · ~ε ∗g
)
(~z23 · ~εT )
~z232
xqxq¯
(
xq¯ + xgδ−sgλq − δsλq
)}− (q ↔ q¯) , (5.16)
where
(q ↔ q¯) ≡ (λq, xq, ~z1, ~pq ↔ λq¯, xq¯, ~z2, ~pq¯) . (5.17)
One can check that the results (5.15) and (5.16) are compatible with the wave function
derived in ref. [46].
6. Diagrams without the gluon crossing the shockwave
Here we will calculate F˜2 (4.3), which gives the contribution from diagrams 3 and 4 in
fig. 2. It reads
F˜2 (zq, zq¯, pg, z0, ~z1, ~z2)
α =
ig
4
∫
dz+1 dz
−
1 dz
+
2 dz
−
2 δ
(
z+1
)
δ
(
z+2
)
L
′jα
i R
′i
j (6.1)
where
L
′jα
i =
[
γ+G0(z10)γ
αG0(z02)γ
+
]j
i
, (6.2)
and
R
′iβ
j =
∫
θ
(
z+4
)
d4z4
ε
∗β
g e
ipg·z4√
2p+g 2p
+
q 2p+q¯
×
[
γ−γ+
(
eipq·z1+ipq¯ ·z4G0(z24)γβvpq¯ ⊗ u¯pq + eipq ·z4+ipq¯ ·z2vpq¯ ⊗ upqγβG0(z41)
)
γ+γ−
]i
j
.(6.3)
Integrating eq. (6.3) w.r.t. z4, we get
R′ij = −i
ε
∗β
g√
2p+g 2p
+
q 2p+q¯
e
ip+q z
−
1 −i~pq·~z1+ip
+
q¯
z−2 −i~pq¯ ·~z2
[
γ−γ+
(
eip
+
g z
−
2 −i~pg·~z2
(pˆq¯ + pˆg)
(pq¯ + pg)2
γβvpq¯ ⊗ u¯pq
−vpq¯ ⊗ u¯pqγβ
(pˆq + pˆg)
(pq + pg)2
eip
+
g z
−
1 −i~pg·~z1
)
γ+γ−
]i
j
. (6.4)
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As a result,
F˜2 (pq, pq¯, pg, z0, ~z1, ~z2)
α = θ(p+g − σ)
g
16π2
ε
∗β
g θ(p+g )√
2p+g 2p
+
q 2p+q¯
1(
z+0
)2 ei(p+q¯ +p+q +p+g )z−0 −i~pq·~z1−i~pq¯ ·~z2
×
{
−e−i~pg·~z2 u¯pqγ+
(
ip+q γ
− − γσ⊥
∂
∂zσ1⊥
)
γα
(
i(p+g + p
+
q¯
)γ− − γσ⊥
∂
∂zσ2⊥
)
γ+
(pˆq¯ + pˆg)
(pq¯ + pg)2
γβvpq¯
×e
−ik+
(xg+xq¯)~z
2
20+xq~z
2
10+i0
2z+
0 + e−i~pg~z1upqγβ
(pˆq + pˆg)
(pq + pg)2
γ+
(
i(p+g + p
+
q )γ
− − γσ⊥
∂
∂zσ1⊥
)
× γα
(
ip+
q¯
γ− − γσ⊥
∂
∂zσ2⊥
)
γ+vpq¯ e
−ik+
xq¯~z
2
20+(xg+xq)~z
2
10+i0
2z+0
}
. (6.5)
Next we calculate the Fourier transform of F˜2
F˜2 (pq, pq¯, pg, k, ~z1, ~z2)
α =
∫
d4z0 e
−ik·z0F˜2 (pq, pq¯, pg, z0, ~z1, ~z2)
α (6.6)
for the photon in our kinematics (2.9)
F˜2 (pq, pq¯, pg, k, ~z1, ~z2)
α =
ig
2k+
θ(p+g − σ) δ(k+ − p+g − p+q − p+q¯ ) ε∗βg
e−i~pq·~z1−i~pq¯ ·~z2√
2p+g 2p
+
q 2p+q¯
×
[
−e−i~pg·~z2 u¯pqγ+
(
ip+q γ
− − γσ⊥
∂
∂zσ1⊥
)
γα
(
i(p+g + p
+
q¯
)γ− − γσ⊥
∂
∂zσ2⊥
)
γ+
× (pˆq¯ + pˆg)
(pq¯ + pg)2
γβvpq¯K0(QZ122) + e
−i~pg·~z1u¯pqγβ
(pˆq + pˆg)
(pq + pg)2
× γ+
(
i(p+g + p
+
q )γ
− − γσ⊥
∂
∂zσ1⊥
)
γα
(
ip+
q¯
γ− − γσ⊥
∂
∂zσ2⊥
)
γ+vpq¯K0(QZ121)
]
. (6.7)
In the arguments of the McDonald functions we encounter the following structures
Z122 = Z123|z3→z2 =
√
xq
(
xg + xq¯
)
~z 212 =
√
xq (1− xq) ~z 212, (6.8)
Z121 = Z123|z3→z1 =
√
(xq + xg) xq¯~z
2
21 =
√
(1− xq¯) xq¯~z 221. (6.9)
Again using the Bessel equation (2.31) as well as the matrix elements (2.32) and (2.33),
then dropping the corresponding δ distributions we can check the electromagnetic gauge
invariance
F˜2 (pq, pq¯, pg, k, ~z1, ~z2)
α kα = 0. (6.10)
Then taking into account Dirac equation and the gauge condition (2.12), we get the con-
tribution to the impact factor for longitudinal photon (2.10)
F˜2 (pq, pq¯, pg, k, ~z1, ~z2)
α εLα = 4ig Q θ(p
+
g − σ)δ(k+ − p+g − p+q − p+q¯ )
e−i~pq ·~z1−i~pq¯ ·~z2√
2p+g
×δλq ,−λq¯
xq (xg + xq¯)
(
δ−sgλqxg + xq¯
)
(pg + pq¯) 2
(~Pq¯ · ~ε ∗g ) e−i~pg ·~z2K0(QZ122)− (q ↔ q¯) , (6.11)
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where Pq,q¯ are defined in eq. (2.14). For transverse photons (2.11) we have
F˜2 (pq, pq¯, pg, k, ~z1, ~z2)
α εTα = −4g Q θ(p+g − σ) δ(k+ − p+g − p+q − p+q¯ )
e−i~pq ·~z1−i~pq¯ ·~z2√
2p+g
δλq ,−λq¯
× (~z12 · ~εT )
(
δλq¯s − xq
) (
δ−sgλqxg + xq¯
)
(~Pq¯ · ~ε ∗g )
xq (xg + xq¯)
(pg + pq¯) 2
K1(QZ122)
Z122
e−i~pg·~z2 − (q ↔ q¯) .
(6.12)
7. Impact factor for interaction with color dipole
In the 2- and 3-gluon approximations (BFKL and BKP) of exchanges in t-channel one
needs the Green function obeying the linear equation. In the color singlet channel, the
subtracted color dipole is the operator that plays this role
U12 =
1
Nc
tr
(
U1U
†
2
)
− 1 . (7.1)
The operator appearing in eq. (4.3) can be rewritten as
tr(U1U
†
3 ) tr(U3U
†
2)−Nc tr(U1U †2) = N2c (U32 +U13 −U12 +U32U13) . (7.2)
Therefore in the 2- and 3-gluon approximations in which we neglect U32U13 , eq. (4.2)
reads
Mα
g3
=
∫
d~z1d~z2U12
{
N2c − 1
2
F˜2 (pq, pq¯, pg, z0, ~z1, ~z2)
α − 1
2
∫
d~z3F1 (pq, pq¯, pg, z0, ~z1, ~z2, ~z3)
α
}
+
1
2
N2c
∫
d~z1d~z3U13
∫
d~z2F1 (pq, pq¯, pg, z0, ~z1, ~z2, ~z3)
α
+
1
2
N2c
∫
d~z2d~z3U32
∫
d~z1F1 (pq, pq¯, pg, z0, ~z1, ~z2, ~z3)
α , (7.3)
which we write as
Mα
g3
=
1
2
∫
d~z1d~z2U12
{
F˜1 (pq, pq¯, pg, z0, ~z1, ~z2)
α +
(
N2c − 1
)
F˜2 (pq, pq¯, pg, z0, ~z1, ~z2)
α
}
,
(7.4)
where
F˜1 (pq, pq¯, pg, z0, ~z1, ~z2)
α =
∫
d~z3
[
N2c F1 (pq, pq¯, pg, z0, ~z1, ~z3, ~z2)
α
+N2c F1 (pq, pq¯, pg, z0, ~z3, ~z2, ~z1)
α − F1 (pq, pq¯, pg, z0, ~z1, ~z2, ~z3)α] . (7.5)
The integrals required in order to calculate expression (7.5) are discussed in appendix A.
Using (9.1) and (9.3) for longitudinal photon (2.10) we have∫
d~z3F1 (pq, pq¯, pg, k, ~z1, ~z2, ~z3)
α εLα = −δλq ,−λq¯δ(k+ − p+g − p+q − p+q¯ )θ(p+g − σ)
× 2Qg√
2p+g
e−i~pq ·~z1−i~pq¯ ·~z2
(1− xg)xg (xq¯ + xgδ−sgλq )xqe
−i~pg·~z2
∫ 1
0
dαe
α
ixq(~z21·~pg)
xq¯+xq
×
(
i(~pg · ~ε ∗g )
Zqq¯gK1 (Qg (α)Zqq¯g)
Qg (α)
+ xgxq(~z21 · ~ε ∗g )K0 (Qg (α)Zqq¯g)
)
− (q ↔ q¯) , (7.6)
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and
∫
d~z3 F1 (pq, pq¯, pg, k, ~z3, ~z2, ~z1)
α εLα = δλq,−λq¯δ(k
+ − p+g − p+q − p+q¯ )θ(p+g − σ)
2Qg√
2p+g
×e
−i~pq¯ ·~z2−i~pg·~z1
(1− xq)xq
[
(xq¯ + xgδ−sgλq )xq
2(~z12 · ~ε ∗g )
~z 212
e
−i
xq¯ (~pq·~z2)+xg(~pq·~z1)
xg+xq¯
Zq¯gK1 (Zq¯gQq (1))
Qq (1)
−(xq + xgδ−sgλq¯ )xq¯e−i~pq·~z1
×
∫ 1
0
dα e
α
ixq¯(~z12·~pq)
xg+xq¯
(
i(~pq · ~ε ∗g )
Zq¯gq (α)
Qq (α)
K1 (Qq (α)Zq¯gq)− xqxq¯(~z21 · ~ε ∗g )K0 (Qq (α)Zq¯gq)
)]
.
(7.7)
Note that
∫
d~z3 F1 (pq, pq¯, pg, k, ~z1, ~z3, ~z2)
α εLα = −
∫
d~z3F1 (pq, pq¯, pg, k, ~z3, ~z2, ~z1)
α εLα|q↔q¯. (7.8)
In eqs. (7.6,7.7) we use the notations
Zij =
√
xixj
x
i
+ x
j
~z 212, Zijk =
√
xi
xj + (1− α)xixk
xj + xi
~z 221, Qi (α) =
√
α~p 2i
(1− xi)xi +Q
2.
(7.9)
For forward production ~pq = ~pq¯ = ~pg = 0 one can simplify these expressions with the help
of eq. (9.6)
F˜1 (pq, pq¯, pg, k, ~z1, ~z2)
α εLα|~pq=~pq¯=~pg=0 = −δ(k+ − p+g − p+q − p+q¯ )θ(p+g − σ)
×δλq ,−λq¯
4gN2c√
2p+g
(~z21 · ~ε ∗g )
~z 221
{
−Zqq¯K1 (QZqq¯)
2N2c xg
+
(
xq¯ + xgδ−sgλq
)
×
(
Zgq¯K1 (Zq¯gQ)
(1− xq) −
ZqgK1 (QZqg)
xq¯
+ Z122K1 (QZ122)
(
1
xq¯
+
1
N2c xg
))}
− (q ↔ q¯) .(7.10)
For transverse photon (2.11) we can rewrite (5.16) as
F1 (pq, pq¯, pg, k, ~z1, ~z2, ~z3)
α εTα
= −2igδ(k+ − p+g − p+q − p+q¯ )θ(p+g − σ)
e−i~pq ·~z1−i~pq¯ ·~z2−i~pg·~z3
π
√
2p+g
ε∗jg ε
u
T δλq ,−λq¯
z23
j
z232
× (∇u1 (δsλq¯ (xq¯ + xgδ−sgλq)− xqδsλq)− xq∇u3δsλqδ−sgλq¯)K0(QZ123)− (q ↔ q¯) . (7.11)
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Then using (9.3) and (9.8) we have
∫
d~z3F1 (pq, pq¯, pg, k, ~z1, ~z2, ~z3)
α εTα = 2igδ(k
+ − p+g − p+q − p+q¯ )θ(p+g − σ)ε∗jg εuT
×δλq ,−λq¯
e−i~pq·~z1−i~pq¯ ·~z2√
2p+g
∫ 1
0
dα
[
e
−
iαxq(~pg ·~z12)
xq¯+xq
−i~pg·~z2
{(
δsλq¯
(
xq¯ + xgδ−sgλq
)− xqδsλq)
×
(
K0 (Qg (α)Zqq¯g)
xq¯ + xq
(
ipg
jz12
uZqq¯g
2
~z122xg
− αxq
2ipg
uz12
j
(xq¯ + xq)
+ xqδ
ju
)
−xqQg (α)Zqq¯gK1 (Qg (α)Zqq¯g)
xq¯ + xq
(
αpg
jpg
u
Q2g (α) xg (xq¯ + xq)
+
z12
jz12
u
~z122
))
− xqδsλqδ−sgλq¯
×
(
Zqq¯gQg (α)K1 (Qg (α)Zqq¯g)
(xq¯ + xq)
(
αpg
jpg
u
Q2g (α) xg
+
z12
jz12
u
Z2qq¯g
(1− α)xgx2q
)
+K0 (Qg (α)Zqq¯g)
(
αxqz12
jipg
u
xq¯ + xq
+ z12
uipg
j (α− 1)xq
xq¯ + xq
− δju
))}
− (q ↔ q¯)
]
, (7.12)
which can be also put in the form
∫
d~z3F1 (pq, pq¯, pg, k, ~z3, ~z2, ~z1)
α εTα
= 2igδ(k+ − p+g − p+q − p+q¯ )θ(p+g − σ)ε∗jg εuT δλq ,−λq¯
e−i~pg·~z1−i~pq¯ ·~z2√
2p+g
×
[
2e
−i
xq¯(~pq ·~z2)+xg(~pq ·~z1)
xq¯+xg
{(
δsλq¯
(
xq¯ + xgδ−sgλq
)− xqδsλq) z12jipquZq¯gK1 (Zq¯gQq(1))z122Qq(1)xq (xq¯ + xg)
+
δsλqδ−sgλq¯xg
(xq¯ + xg) 2
z12
j
z122
(
z12
uxq¯K0 (Zq¯gQq(1)) +
ipq
u
Qq(1)
Zq¯gK1 (Zq¯gQq(1))
)}
−
∫ 1
0
dαe
i
αxq¯(~pq ·~z12)
xq¯+xg
−i~pq·~z1
{(
xq¯δsλq¯δ−sgλq +
(
δsλq
(
xgδ−sgλq¯ + xq
)− xq¯δsλq¯))
×
(
xq¯Qq (α)Zq¯gqK1 (Qq (α)Zq¯gq)
xq¯ + xg
(
αpq
jpq
u
Q2q (α) xq (xq¯ + xg)
+
z12
jz12
u
z122
)
+
K0 (Qq (α)Zq¯gq)
xq¯ + xg
(
ipq
jz12
uZq¯gq
2
xqz122
− z12
jipq
uαxq¯
2
xq¯ + xg
− xq¯δju
))
+ xq¯δsλq¯δ−sgλq
×
(
−Qq (α)Zq¯gqK1 (Qq (α)Zq¯gq)
xq¯ + xg
(
αpq
jpq
u
Q2q (α) xq
+
z12
jz12
u
Z2q¯gq
(1− α)xqx2q¯
)
+K0 (Qq (α)Zq¯gq)
(
ipq
uz12
jαxq¯
xq¯ + xg
+ δju − ipqjz12u xq¯
xq¯ + xg
(1− α)
))}]
. (7.13)
Note that
∫
d~z3F1 (pq, pq¯, pg, k, ~z1, ~z3, ~z2)
α εTα = −
∫
d~z3F1 (pq, pq¯, pg, k, ~z3, ~z2, ~z1)
α εTα|q↔q¯ .
(7.14)
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For forward production ~pq = ~pq¯ = ~pg = 0 one can simplify these expressions via eqs. (9.6)
and (9.9), thus obtaining∫
d~z3F1 (pq, pq¯, pg, k, ~z1, ~z2, ~z3)
α εTα = 2igδ(k
+ − p+g − p+q − p+q¯ )θ(p+g − σ)
δ−λq¯λq
xg
√
2p+g
×
[
δ−sgs
(~z12 · ~ε ∗g )(~εT · ~z12)
~z122
(K2 (QZqq¯) + 2 (xq − 1)K2 (QZ122))
(
xqδsλq − xq¯δsλq¯
)
−δssg
(
K0 (QZ122)
(
xqxq¯δsλq − (xq − 1) 2δsλq¯
)
+
xq¯δsλq¯
xq¯ + xq
K0 (QZqq¯)
)]
− (q ↔ q¯) , (7.15)
which can be also put in the form∫
d~z3F1 (pq, pq¯, pg, k, ~z3, ~z2, ~z1)
α εTα = 2igδ(k
+ − p+g − p+q − p+q¯ )θ(p+g − σ)
δ−λq¯λq
xq
√
2p+g
×
[
2δ−sgs
(~z12 · ~ε ∗g )(~εT · ~z12)
~z122
(
xg
xq − 1K2 (QZq¯g)− (xq¯ − 1)K2 (QZ121)
)(
xqδsλq − xq¯δsλq¯
)
−δssg
(
δsλqxg
2
(xq − 1) 2K0 (QZq¯g) +
(
xqxq¯δsλq¯ − (xq¯ − 1) 2δsλq
)
K0 (QZ121)
)]
. (7.16)
The expressions (7.10) and (7.16) can be used as a starting point for the description of e.g.
meson production within the QCD collinear factorization, see ref. [42].
8. Impact factor in the momentum space and in the linear approximation
Here we will calculate the Fourier transform of the impact factors. We can rewrite the
matrix element (4.2) as
Mα
=
∫
d~p1d~p2d~p3 F1 (pq, pq¯, pg, z0, ~p1, ~p2, ~p3)
α 1
2
[
N2c (U32 +U13 +U32U13)−U12
]
(~p1, ~p2, ~p3)
+
∫
d~p1d~p2 F˜2 (pq, pq¯, pg, z0, ~p1, ~p2)
α N
2
c − 1
2
U (~p1, ~p2) . (8.1)
Here the Fourier transforms are defined as
F1 (pq, pq¯, pg, z0, ~p1, ~p2, ~p3)
α =
∫
d~z1
2π
d~z2
2π
d~z3
2π
ei[~p1·~z1+~p2·~z2+~p3·~z3]F1 (pq, pq¯, pg, z0, ~z1, ~z2, ~z3)
α ,
(8.2)
F˜2 (pq, pq¯, pg, z0, ~p1, ~p2)
α =
∫
d~z1
2π
d~z2
2π
ei[~p1·~z1+~p2·~z2]F˜2 (pq, pq¯, pg, z0, ~z1, ~z2)
α , (8.3)
and
[
N2c (U32 +U13 +U32U13)−U12
]
(~p1, ~p2, ~p3) =
∫
d~z1
2π
d~z2
2π
d~z3
2π
e−i[~p1·~z1+~p2·~z2+~p3·~z3]
× [N2c (U32 +U13 +U32U13)−U12] , (8.4)
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U (~p1, ~p2) =
∫
d~z1
2π
d~z2
2π
e−i[~p1·~z1+~p2·~z2]U12. (8.5)
To get the linearized impact factor, one should neglect the term U32U13 and write
[
N2c (U32 +U13 +U32U13)−U12
]
(~p1, ~p2, ~p3)
∼ 2π [N2c (δ(~p1)U (~p3, ~p2) + δ(~p2)U (~p1, ~p3))− δ(~p3)U (~p1, ~p2)] . (8.6)
Then for the matrix element Mα we get
Mα=
1
2
∫
d~p1d~p2U(~p1, ~p2)
{
F˜1 (pq, pq¯, pg, z0, ~p1, ~p2)
α+
(
N2c − 1
)
F˜2 (pq, pq¯, pg, z0, ~p1, ~p2)
α
}
,
(8.7)
F˜1 (pq, pq¯, pg, z0, ~p1, ~p2)
α = 2πN2c F1 (pq, pq¯, pg, z0, 0, ~p2, ~p1)
α (8.8)
+2πN2c F1 (pq, pq¯, pg, z0, ~p1, 0, ~p2)
α − 2πF1 (pq, pq¯, pg, z0, ~p1, ~p2, 0)α . (8.9)
Taking the Fourier transform of eq. (5.15) via eq. (9.10) from appendix B we get for the
longitudinal photon
F1 (pq, pq¯, pg, z0, ~p1, ~p2, ~p3)
α εLα = δ(k
+ − p+g − p+q − p+q¯ )δ (~p1q + ~p2q¯ + ~p3g) θ(p+g − σ)
×δλq,−λq¯√
2p+g
4iQ g (xq + xgδ−sgλq¯)
(
(~p2q¯ · ~ε ∗g )xq + (~p1q · ~ε ∗g ) (1− xq¯)
)
(1− xq¯) xgxq
(
Q2 +
~p2q¯2
xq¯(1−xq¯)
)(
Q2 +
~p1q2
xq
+
~p2q¯2
xq¯
+
~p3g2
xg
) − (q ↔ q¯), (8.10)
where
(q ↔ q¯) ≡ (λq, xq, ~p1, ~pq ↔ λq¯, xq¯, ~p2, ~pq¯) . (8.11)
One can check that this result is compatible with the wave function derived in ref. [46].
Using eq. (9.11), we get
F˜2 (pq, pq¯, pg, k, ~p1, ~p2)
α εLα =
4igQ√
2p+g
θ(p+g − σ)δ(k+ − p+g − p+q − p+q¯ )δ(~p1q + ~p2q¯ − ~pg)
×δλq,−λq¯
xq (xg + xq¯)
(
δ−sgλqxg + xq¯
)
(pg + pq¯) 2
2π(~Pq¯ · ~ε ∗g )
(Q2xq(xq¯ + xg) + ~p
2
1q)
− (q ↔ q¯) . (8.12)
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For the transverse photon, using eqs. (9.12) and (9.13) we have
F1 (pq, pq¯, pg, z0, ~p1, ~p2, ~p3)
α εTα =
−4ig√
2p+g
δ(k+− p+g − p+q − p+q¯ )δ (~p1q + ~p2q¯ + ~p3g) θ(p+g − σ)
×δλq ,−λq¯
(~p2q¯ · ~ε ∗g ) (xq¯ + xg) + (~p1q · ~ε ∗g )xq¯
(~p2q¯ (xq¯ + xg) + ~p1qxq¯)2
{(
xq − δsλq¯
) (
xq¯ + xgδ−sgλq
)
xq
×

(~p1q · ~εT ) (xg + xq) + (~p2q¯ · ~εT )xq
xg
(
~p2q¯2
xq¯
+
~p3g2
xg
+
~p1q2
xq
+Q2
) − (~p1q · ~εT )
(xq¯ + xg)
(
~p1q2
xq(xq¯+xg)
+Q2
)


+
(
xq¯ + xgδ−sgλq − δsλq
) (~p2q¯ · ~εT ) (xq¯ + xg) + (~p1q · ~εT )xq¯
xg
(
~p2q¯2
xq¯
+
~p3g2
xg
+
~p1q2
xq
+Q2
)

− (q ↔ q¯)
=
2ig√
2p+g
δ(k+ − p+g − p+q − p+q¯ )δ (~p1q + ~p2q¯ + ~p3g) θ(p+g − σ)δ−λq¯λq
Q2 (1− xq)
(
~p2q¯2
xq¯
+
~p3g2
xg
+
~p1q2
xq
+Q2
) {δssgδsλq
+2(~p1q · ~εT )((~p2q¯ · ~ε ∗g )(xq¯ + xg) + (~p1q · ~ε ∗g )xq¯)
(
xq − δsλq¯
)(
xgδ−sgλq + xq¯
)
(1− xq) xqxq¯xg
(
Q2 +
~p1q2
(1−xq)xq
)

− (q ↔ q¯).
(8.13)
Again, one can check that this result is compatible with the wave function derived in
ref. [46]. Finally, using eq. (9.14) we find
F˜2 (pq, pq¯, pg, k, ~p1, ~p2)
αεTα = −4g θ(p+g − σ) δ(k+− p+g − p+q − p+q¯ )δ(~p1q + ~p2q¯ − ~pg)
δλq ,−λq¯√
2p+g
×
(
δλq¯s − xq
) (
δ−sgλqxg + xq¯
)
(pg + pq¯) 2
2πi(~Pq¯ · ~ε ∗g ) (~p1q · ~εT )
Q2xq(xq¯ + xg) + ~p
2
1q
− (q ↔ q¯) . (8.14)
The formulas in the momentum space derived in this section constitute a convenient start-
ing point for calculations of phenomenologically important observables such as cross sec-
tions etc.
9. Conclusions
Based on the QCD shock-wave approach [27, 35, 36], we rederived the γ∗ → qq¯ impact
factor. Using the same approach, we computed the general expression for the γ∗ → qq¯g
impact factor for the first time. The contribution of the diagrams with the gluons crossing
the shock-wave, calculated using Balitsky’s formalism, are consistent with the results for
the γ∗ → qq¯g wave function obtained in ref. [46], based on old-fashioned perturbation
theory.
The results we obtained, in coordinate space, are very suitable for phenomenological
studies of diffractive processes since they allow for the implementation of saturation models
when considering the color-singlet channel. The measurement of dijet production in DDIS
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was recently performed [47], and a precise comparison of dijet versus triple-jet production,
which has not been performed yet at HERA [48], would be very useful to get a deeper
understanding of the QCD mechanism underlying diffraction. Such a ratio would provide
an observable possibly more independent of any saturation effect. A quantitative first
principle analysis of this would require an evaluation of virtual corrections to the γ∗ → qq¯
impact factor, which are left for further studies.
Our results could also be relevant for photo-production of diffractive jets [49, 50], the
hard scale being provided by the invariant mass of the produced state. Indeed, the direct
coupling of a Pomeron to the impact factor could be important, in addition to the resolved
Pomeron contribution (which is the sum of a direct interaction of the photon with quarks
or gluons originating from the pomeron, and a resolved photon-pomeron interaction), in
particular in the region xγ ∼ 1 (xγ is the longitudinal momentum fraction carried by the
partons coming from the photon), in view of the collinear factorization breaking which has
been the matter of discussions [51,52]. Since our results are expressed in terms of a shock-
wave, they can be used both for inclusive (considering the color octet in the t−channel, by
modifying formula (4.2) and diffractive (in the color-singlet case) jet production, the ratio
of amplitudes providing an interesting observable to evaluate gap survival probabilities [51–
53].
Furthermore, our results, expressed in terms of a shock-wave, are a natural starting
point for studies of higher-twist effects, which could be investigated by an appropriate
expansion of U operators in powers of the coupling, in order to study the effect of multigluon
exchange in the t−channel.
Finally, diffractive open charm production was measured at HERA [54] and studied in
the large M limit based on the direct coupling between a Pomeron and a qq¯ or a qq¯g state,
with massive quarks [22]. The extension of our result to the case of massive quark, is left
for future analysis.
Our result is therefore a first step for phenomenological studies of diffraction, which
could be of relevance in future e− p and e−A colliders like EIC and LHeC, as well as for
ultraperipheral processes which could be studied at LHC.
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Appendix A: Integrals necessary for linearization
We need the following integrals
∫
d~z1e
−i~pq·~z1K0 (QZ123) |~z3→~z1 =
2π
xq(1− xq)e
−i
xq¯ (~pq ·~z2)+xg(~pq ·~z1)
xg+xq¯
Zq¯gK1 (Zq¯gQq (1))
Qq (1)
, (9.1)
where we define
Zij =
√
xixj
x
i
+ x
j
~z 212, Qi (α) =
√
α~p 2i
(1− xi)xi +Q
2 . (9.2)
∫
d~z3e
−i~pg·~z3
~z32
~z 232
K0 (QZ123) (9.3)
= −πie−i~pg·~z2
∫ 0
−∞
dte
itxgxqQ
2~z 221
2
−i
(xq¯+xg)+i0
2txg
t~pg +
~z21
~z 221(
t~pg +
~z21
~z 221
)2

e ixq~z 2212(xq¯+xq)t
(
t~pg+
~z21
~z 2
21
)2
− 1


= − πe
−i~pg·~z2
(1− xg)xg
∫ 1
0
dαe
α
ixq(~z21·~pg)
xq¯+xq
(
i~pgZqq¯g
Qg (α)
K1 (Qg (α)Zqq¯g) + xgxq~z21K0 (Qg (α)Zqq¯g)
)
,
where
Zqq¯g =
√
xq
xq¯ + (1− α)xqxg
xq¯ + xq
~z 221 . (9.4)
To get the previous result, we used the following parametrization∫
d~r
~r
~r 2
ei(a~r
2+b(~r+~ρ)2)−i~p·~r = −2π i (2b~ρ− ~p)
(2b~ρ− ~p)2 e
ib~ρ 2
(
e
−
i(2b~ρ−~p)2
4(a+b) − 1
)
= − π
2(a+ b)
(2b~ρ− ~p) eib~ρ 2
∫ 1
0
dαe
−α
i(2b~ρ−~p)2
4(a+b) . (9.5)
In the simpler case ~pq = 0 the integral can be fully reduced to∫
d~z3
~z32
~z 232
K0 (QZ123) = − 2π
xgxqQ
~z21
~z 221
(Zqq¯K1 (QZqq¯)− Z122K1 (QZ122)) , (9.6)
where
Z122 =
√
xq(xq¯ + xg)~z
2
21. (9.7)
Using the integral (9.5), we also get
∫
d~z3e
−i~pg·~z3
z
j
32
~z 232
∂
∂zl3
K0(QZ123) = −πe−i~pg·~z2
∫ 1
0
dα e
α
ixq(~z21·~pg)
xq+xq¯
[(
δjl + ipjgz
l
12
xq
xq¯ + xq
)
×K0 (Qg (α)Zqq¯g)−
x2qxg
xq¯ + xq
z l12z
j
12
Qg(α)
Zqq¯g
K1 (Qg (α)Zqq¯g) (1− α)
−xq(ip
l
gz
j
12 + ip
j
gz
l
12)
xq + xq¯
αK0 (Qg (α)Zqq¯g) +
iplgip
j
g
xg(xq + xq¯)
α
Zqq¯g
Qg (α)
K1 (Qg (α)Zqq¯g)
]
. (9.8)
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As before, in the simpler case ~pg = 0 the integral can be fully reduced to∫
d~z3
z
j
31
~z 231
∂
∂zl3
K0(QZ123) = −2πxq
xq¯xg
(
δjl − 2z
l
12z
j
12
~z 221
)(
K1 (QZqq¯)
QZqq¯
− K1 (QZ121)
QZ121
)
+2π
(
δjl
K1 (QZ121)
QZ121
− z
l
12z
j
12
~z 221
K2 (QZ121)
)
. (9.9)
The integrals (9.3) and (9.8) are convergent and can be evaluated numerically.
Appendix B: Integrals necessary for Fourier transform
We here provide the set of Fourier transforms of modified Bessel functions we used in our
calculation. ∫
d~z1
2π
d~z2
2π
ei[~q1·~z1+~q2·~z2]
z
j
1
~z 21
K0(Q
√
xgxq~z
2
1 + xqxq¯~z
2
21 + xq¯xg~z
2
2 )
=
i
(
q2
jxq + q1
j (1− xq¯)
)
(1− xq¯) xq¯xgxq
(
Q2 + ~q2
2
xq¯(1−xq¯)
)(
Q2 + ~q1
2
xq
+ ~q2
2
xq¯
+ (~q1+~q2)
2
xg
) . (9.10)
∫
d~z1
2π
ei~q1·~z1K0(Q
√
xq (xg + xq¯) ~z 21 ) =
1
(1− xq)xqQ2 + ~q12 . (9.11)
∫
d~z1
2π
d~z2
2π
ei[~q1·~z1+~q2·~z2]
z
j
1z
β
2
~z22
K1(Q
√
xgxq~z
2
1 + xqxq¯~z
2
21 + xq¯xg~z
2
2 )√
xgxq~z
2
1 + xqxq¯~z
2
21 + xq¯xg~z
2
2
(9.12)
=
xq¯
(
δjβ − 2(q2
j(xq¯+xg)+q1jxq¯)(q2β(xq¯+xg)+q1βxq¯)
(~q2(xq¯+xg)+~q1xq¯)2
)
2Qxq(~q2 (xq¯ + xg) + ~q1xq¯)2
ln

 q22xq¯ + (q1+q2)2xg + q12xq +Q2
q12
xq(1−xq)
+Q2


+
q2
β (xq¯ + xg) + q1
βxq¯
Qx2q(~q2 (xq¯ + xg) + ~q1xq¯)
2

 q1j (xg + xq) + q2jxq
xg
(
q22
xq¯
+ (q1+q2)
2
xg
+ q1
2
xq
+Q2
)− q1j
(xq¯ + xg)
(
q12
xq(xq¯+xg)
+Q2
)

.
∫
d~z1
2π
d~z2
2π
ei[~q1·~z1+~q2·~z2]
z
j
2z
β
2
~z22
K1(Q
√
xgxq~z
2
1 + xqxq¯~z
2
21 + xq¯xg~z
2
2 )√
xgxq~z
2
1 + xqxq¯~z
2
21 + xq¯xg~z
2
2
=
(xq¯ + xg)
(
δjβ − 2(q2
j(xq¯+xg)+q1jxq¯)(q2β(xq¯+xg)+q1βxq¯)
(~q2(xq¯+xg)+~q1xq¯)2
)
2Qxq(~q2 (xq¯ + xg) + ~q1xq¯)2
ln

 q22xq¯ + (q1+q2)2xg + q12xq +Q2
q12
xq(1−xq)
+Q2


+
(
q2
j (xq¯ + xg) + q1
jxq¯
) (
q2
β (xq¯ + xg) + q1
βxq¯
)
Qxgxqxq¯(~q2 (xq¯ + xg) + ~q1xq¯)2
(
q22
xq¯
+ (q1+q2)
2
xg
+ q1
2
xq
+Q2
) . (9.13)
∫
d~z1
2π
ei~q1~z1z
j
1
K1(Q
√
xq (xg + xq¯) ~z
2
1 )√
xq (xg + xq¯)~z
2
1
=
iq
j
1
(1− xq)xqQ ((1− xq)xqQ2 + ~q12) . (9.14)
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